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ABSTRACT
Aims. The paper aims are to simulate steady-state distributions of electrons beams precipitating in collisional and Ohmic losses with
pitch angle anisotropy into a flaring atmosphere with converging magnetic field and to apply these to the interpretation of HXR photon
spectra, directivity and polarization observed for diﬀerent photon energies and flare positions on the solar disk.
Methods. Summary approximation method is applied to a time-dependent Fokker-Planck equation by splitting the temporal derivative
equally between the derivatives in depth, energy and pitch angles and finding the solutions in forward and backward directions for
each variable.
Results. For softer beams, there is a noticeable flattening of the photon spectra at lower energies caused by the self-induced electric
field that increases for larger viewing angles. For the models with an electric field, the HXR emission with lower energies (30 keV)
becomes directed mainly upwards at upper atmospheric levels owing to the increased number of particles moving upwards, while
in deeper layers it again becomes directed downwards. The polarization maximum shifts to higher energies with every precipitation
depth approaching 25 keV for the models with pure collisions and 100 keV for the models with return currents. At deeper layers, the
polarization decreases because of the isotropization of electrons by collisions. The maximum polarization is observed at the viewing
angle of 90◦, becoming shifted to lower angles for softer beams. The integrated polarization and directivity shows a dependence on
a magnetic field convergence for harder beams, while for softer beams the directivity is strongly aﬀected by the self-induced electric
field changing from a downward motion to an upward one at upper atmospheric depths.
Conclusions. The proposed precipitation model for an electron beam with wider pitch angle dispersion of 0.2 taking into account
collisional and Ohmic losses allowed us to fit the double power law HXR photon spectra with a spectrum flattening at lower energies
observed in the flares of 20 and 23 July 2002. The observed directivity of HXR photons of 20 keV derived for a large number of flares
located from the disk center to limb is also reproduced well by the theoretical directivity calculated for an electron beam with a very
narrow pitch angle dispersion of 0.02. The simulated polarization of this narrowly-directed electron beam fits up to 90% of all the
available polarimetric observations carried out at various locations across the solar disk.
Key words. Sun: flares – Sun: X-rays, gamma rays
1. Introduction
RHESSI observations have allowed us to enhance in the quan-
titative interpretation of hard X-ray emission (Lin et al. 2003;
Holman et al. 2003; Brown et al. 2006; Krucker et al. 2008;
Holman et al. 2010) by providing not only light curves but the
locations and shapes of hard X-ray sources on the solar disk, in
addition to photon and electron spectra and their evolution dur-
ing a flare. The observations show that flare events sometimes
comprise one loop with two footpoints and one coronal source
(Masuda et al. 1994; Sui et al. 2002) or several sets of loops
with a number of footpoints and coronal sources (Battaglia &
Benz 2006; Krucker et al. 2008). The analyses of observations
of solar flares by TRACE and RHESSI found that the areas of
flaring loops decrease and, thus, their magnetic fields increase
with depth of the solar atmosphere (Kontar et al. 2008).
A very close temporal correlation is detected between
the lightcurves across the full electromagnetic range: HXR,
microwave (MW), ultraviolet (UV), and optical emission assum-
ing some common agents which deliver the energy to diﬀer-
ent atmospheric levels within a timescale shorter than 1 s (see
for example, Fletcher et al. 2010; Holman et al. 2010; White
et al. 2010). Although the spatial configurations of flaring sites
in HXR and MW emission are not always similar, furthermore,
they are very diﬀerent in optical emission. Assuming that the
HXR and MW emission is caused by the same population of
electrons, these spatial diﬀerences may be indicative of diﬀerent
transport scenarios for high-energy particles precipitating into
loop footpoints and diﬀerent shapes of the flaring atmospheres
where this emission occur (Bastian et al. 1998; Kundu et al.
2001a,b; Vilmer et al. 2002; Willson & Holman 2003; Kundu
et al. 2004; Aschwanden 2005).
The mechanisms of transport aﬀecting the HXR and
MW emission substantially diﬀer: MW radiation is related to
gyro-synchrotron emission of high-energy electrons with ener-
gies from few tens keV (Kundu et al. 2001a,b) up to several MeV
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(Bastian 1999; Kundu et al. 2004), while HXR radiation is often
produced by electrons of much lower energy from 10 to 300 keV
(see for example, Lin et al. 2003; Holman et al. 2003). Although,
occasionally, the accelerated electrons can reach energies of a
few hundred MeV as observed for the flare of 28 October 2003
(Kuznetsov et al. 2006).
It is now well accepted that the agents delivering the energy
required to account for the observed features in HXR, MW, and
other emission are sub-relativistic charged particles (beams of
electrons (Brown 1971; Brown et al. 2006), possibly, mixed with
protons (Simnett 1995) accelerated somewhere in the corona.
These particle precipitate downwards to the lower solar atmo-
sphere, while depositing their energy into the ambient plasma.
Obviously, the diagnostics of this precipitation from diﬀerent
types of emission can provide a valuable insight into the com-
plicated processes, in which these particles deposit their energy
at various depths of flaring loops. The variety of observations
has led to the development of diﬀerent models of particle ac-
celeration and transport for diﬀerent types of flaring events (see
the reviews by Zharkova et al. 2010; Holman et al. 2010, in the
forthcoming RHESSI book), which can account for the observed
patterns in high energy emission.
These include double power-law elbow-type spectra of
HXR photon emission deduced with the RHESSI payload from
powerful flares with flattening towards lower energies (Holman
et al. 2003), confirming earlier findings by the SMM obser-
vations (Benz 1977; Brown & Loran 1985) and the soft-hard-
soft temporal profile of photon spectral indices below the en-
ergy of 35 keV (Grigis & Benz 2004) during the duration of
the same flare. The spectral flattening at lower photon energies
was first interpreted by an increase of the lower cutoﬀ energy of
beam electrons (Sui et al. 2005) that was later overturned by
Sui et al. (2007) in favor of the Ohmic losses caused by the
self-induced electric field of precipitating electrons (Zharkova
& Gordovskyy 2006). In this case, the beam electrons produc-
ing HXR emission have diﬀerent initial energy fluxes and, thus,
diﬀerent Ohmic losses: the higher the flux the greater the losses
leading to larger spectral flattening in photon spectrum at lower
energies (Zharkova & Gordovskyy 2006). Because of these de-
pendences, the soft-hard-soft patterns in the temporal profile of
HXR photon spectra (Krucker et al. 2008) can be easily re-
produced by a triangle temporal profile (low-high-low) of the
beam energy flux during flaring events (Zharkova & Gordovskyy
2006).
Another pattern that can be derived from observed MW and
HXR emission is related to pitch-angle distributions of the beam
electrons producing this emission and to the locations of flares
on the solar disk. This pitch angle anisotropy of precipitating
particles can be detected by polarimetric observations in flares
located between close to the solar center and the limb. These ob-
servations are rather scattered since they were carried out over
many years in diﬀerent energy bands: e.g., 15 keV in the early
rocket observations by Tindo et al. (1970, 1972a,b), 16−21 keV
later by Tramiel et al. (1984), 100−350 keV in the RHESSI ob-
servations Suarez-Garcia et al. (2006), and at 200−400 keV in
the ACT observations by Boggs et al. (2006).
The polarimetric observations are indicative of the high vari-
ability of the HXR polarization degrees in diﬀerent events: from
a few percent (Tramiel et al. 1984) up to 40% (Tindo et al.
1976; Suarez-Garcia et al. 2006), or even above 50% as ob-
served for the flare of 23 July 2002 (McConnell et al. 2003)
or 75% as observed by the CORONAS payload (Zhitnik et al.
2006). The bulk of observations also detect a noticeable increase
of the HXR polarization and directivity in flares located closer
to the limb, although some deviations from this trend have been
recently observed by RHESSI (Suarez-Garcia et al. 2006). The
similar increase in the HXR directivity at 20−150 keV in flares
located towards the limb is reported by Kašparová et al. (2007).
The theory describing generation of bremsstrahlung hard
X-ray emission has significantly progressed due to improve-
ments in the mechanisms for emitting this radiation: from pure
Coulomb collisions (Brown 1971; Brown et al. 2006; Kontar
& Brown 2006) to collisions and converging magnetic fields
(Leach & Petrosian 1981; McClements 1992), or to combined
collisional and Ohmic energy losses in the electric field in-
duced by precipitating electrons (Zharkova et al. 1995; Zharkova
& Gordovskyy 2005, 2006). Further progress was achieved by
considering relativistic bremsstrahlung cross-sections (Kontar
et al. 2006) and taking into account various aspects of the pho-
tospheric albedo eﬀects, while deriving mean electron spectra
from the observed bremsstrahlung photon spectra (Kontar et al.
2006).
However, in spite of a large number of simulations for in-
terpreting HXR or MW emission (see for example, reviews by
Krucker et al. 2008; Holman et al. 2010; White et al. 2010, and
references therein), no simultaneous simulations have been de-
veloped yet that account for these two types of emission with
the same distributions of electrons. If one assumes that HXR
and MW emissions are generated by diﬀerent energy loss mech-
anisms of the same beam electrons, a rather challenging task is
to account for the temporal variations of their depth distribu-
tions and the total areas of a given intensity covered in each pre-
cipitation site. This imposes strict limitations on the proposed
models of electron precipitation that require us to correctly ac-
count for electron energy losses, such as Coulomb collisions,
Ohmic losses and anisotropic scattering and changes in the elec-
tron pitch angles caused by a magnetic field that converges with
depth.
The motivation of the present paper is to simulate elec-
tron distributions during their precipitation into a flaring atmo-
sphere by taking into account all possible energy losses, and
to produce HXR spectra and polarization matching those in-
ferred from observations. This paper deals with the precipitation
mechanisms of electrons with a wide range of energies from
10 keV to 1.2 MeV and their eﬀect on HXR emission and po-
larization. This approach significantly extends the steady solu-
tions for electron distribution functions found by Zharkova &
Gordovskyy (2005), considering a magnetic field convergence,
in addition to self-induced electric field, to much higher ener-
gies of electrons: from 384 keV to 1.2 MeV, required to ac-
count correctly for a magnetic mirroring, and to the inclusion
of a pitch-angle diﬀusion term, in order to account for the parti-
cle and photon anisotropy, similar to the approach by Zharkova
et al. (1995). In addition, in contrast to the angle-independent
cross-section (averaged over all pitch angles) used by Zharkova
& Gordovskyy (2005), the simulations of HXR bremsstrahlung
emission are performed by using the relativistic angle-dependent
photon cross-sections that are similar to those of Bai & Ramaty
(1978).
The kinetic problem of precipitation of high-energy elec-
trons from the source within the corona into a converging coro-
nal loop with pitch-angle diﬀusion and energy losses in the in-
duced electric field is described in Sect. 2. The depth, energy
and pitch-angular variations in electron distribution functions of
the injected and returning beams, resulting hard X-ray photon
spectra and their polarization are discussed in Sect. 3 with con-
clusions being drawn in Sect. 4.
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2. Electron precipitation: Fokker-Planck approach
2.1. The basic equations
We consider the time-dependent Fokker-Planck approach to the
precipitation of high-energy electrons injected into a cold hydro-
gen plasma confined in a converging magnetic field structure.
However, since high-density electron beams precipitating into
a flaring atmosphere are expected to be rather dense, so they
can carry a strong electric field. This electric field forms a re-
turn current from both the ambient plasma (Knight & Sturrock
1977; van den Oord 1990) and precipitating electrons return-
ing to the source in the corona (Emslie 1980; Zharkova et al.
1995). Therefore, to accurately consider the beam electron ki-
netics during precipitation, one needs to include this induced
electric field because it increases pitch-angle anisotropy of pre-
cipitating beam electrons as described by Diakonov & Somov
(1988); McClements (1992); Zharkova & Gordovskyy (2005)
and Siversky & Zharkova (2009).
Thus, one needs to solve simultaneously the kinetic Fokker-
Planck equation for beam electron precipitation and Ohm’s law
for the electric field carried by the beams themselves at every
depth. In the kinetic equation, we neglect the interaction of beam
electrons with waves occurring in the ambient plasma since the
energy exchange between electrons and plasma waves does not
significantly aﬀect the energy balance of fast electrons (Benz
2002; Aschwanden 2005). In the equation for the electric field
we assume that the electric field induced by beam electrons is
fully compensated by the electrons of the ambient plasma.
The Fokker-Planck, or Landau, equation, which describes
the variations of distribution function f of beam electron, can be
written in the form (Landau 1937; Siversky & Zharkova 2009)
∂ f
∂t
+ v cosα
∂ f
∂z
− eEv cosα ∂ f
∂E
− eE sin
2 α
mev
∂ f
∂ cosα
=
(
∂ f
∂t
)
coll
+
(
∂ f
∂t
)
magn
, (1)
where E and α are the electron energy and pitch angle, re-
spectively, v is the electron speed, and e and me are the elec-
tron charge and mass, respectively. The variations of distribution
function with time (t) are described by the first term on the left-
hand side, with depth (z) by the second term and with energy and
pitch angle from Ohmic losses in the self-induced electric field E
by the third and the fourth terms. The particle energy and pitch-
angle diﬀusion caused by energy losses in collisions with the
ambient plasma particles (collisional integral) and in a converg-
ing magnetic field are described by the two terms on the right-
hand side, (∂ f /∂t)coll and (∂ f /∂t)magn, respectively. The distribu-
tion function is normalized by the initial beam density on the top
boundary (Siversky & Zharkova 2009), which diﬀers from those
in Zharkova & Gordovskyy (2005) where the normalization was
by the initial energy flux of beam electrons.
2.1.1. The initial and boundary conditions
We assume that there are no beam electrons inside the atmo-
sphere at the moment of injection, e.g., f (E, μ, z, 0) = 0.
The distribution function on the top boundary where z = zmin
is defined by the formula
f (E, μ, t)|z=zmin =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
AE−γ−0.5 exp
[
− (μ − 1)
2
Δμ2
]
U(t),
for Emin ≤ E ≤ Emax, μ > 0, t ≥ 0,
0, elsewhere,
(2)
which assumes the power-law energy distribution in the energy
range from Emin to Emax with a spectral index γ and the nor-
mal pitch angle distribution with respect to the pitch-angle co-
sine μ (μ = cosα) with the half-width dispersion Δμ (Siversky
& Zharkova 2009).
Let us consider an electron beam injected with a power-law
dependence in energy and a narrow normal distribution in pitch
angle with the angle dispersion (Δμ  1) centered on α = 0
(or μ = 1). The coeﬃcient A is inferred from the normalization
condition for a distribution function on a beam density on the
top boundary (Siversky & Zharkova 2009). The additional index
of 0.5 is added to index γ in the the energy dependence, in order
to account for the spectral index γ being referred to the electron
flux (∼v f = E0.5 f ) and not to the electron density, by which f is
normalized. U(t) defines a temporal profile of the electron beam
injection, which denotes the initial beam flux variations during a
required time interval, accepted in our simulations to be equal to
unity (a steady injection). The boundary conditions are the same
as those described by Siversky & Zharkova (2009).
2.1.2. Energy losses
The Fokker-Planck equation presented here in Eq. (1) takes into
account the energy loss factors such as:
1. particle collisions and anisotropic pitch angle scattering (the
term (∂ f /∂t)coll);
2. return current (caused by the self-induced electric field E);
3. inhomogeneity (convergence) of a magnetic field (the term
(∂ f /∂t)magn).
The collisional integral is taken in the linearized form suggested
by (Diakonov & Somov 1988)(
∂ f
∂t
)
coll
=
1
v2
∂
∂v
[
v2ν(E)
(
kBTe
me
∂ f
∂v
+ v f
)]
+ν(E) ∂
∂ cosα
(
sin2 α
∂ f
∂ cosα
)
,
where Te is the electron temperature of the ambient plasma, kB is
the Boltzmann constant, and ν(E) is the frequency of collisions
(Emslie 1978)
ν(E) = k√
2me
πnλe4E−3/2,
where λ is the Coulomb logarithm for electrons, n is the ambi-
ent plasma density, and the parameter k defines beam electrons
scattering on the ambient particles Emslie (1978).
The magnetic field convergence is considered in the follow-
ing form (McClements 1992)(
∂ f
∂t
)
magn
=
1
2
v sin2 α
∂ ln B(z)
∂z
∂ f
∂ cosα
,
where B(z) is the magnetic field at a given depth z.
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Instead of the physical coordinate z, it is convenient to ex-
press the distance passed by particles in terms of the column
density ξ, e.g., ξ(z) =
z∫
zmin
n(l) dl. A magnetic field convergence
B can be then described by the hybrid model from Siversky &
Zharkova (2009)
∂ ln B
∂ξ
=
1
n
∂ ln B
∂z
=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
ξc
ln Bc
B0
, ξ < ξc,
0, ξ ≥ ξc,
(3)
which defines the magnetic field to increase by the factor Bc/B0
in the depth interval between the electron injection point (ξ = 0)
and the transition region (ξ = ξc) (Leach & Petrosian 1983) and
to be a constant in deeper layers.
2.1.3. Self-induced electric field
The electric current carried by beam electrons can be deter-
mined as
j(ξ) = e
Emax∫
Emin
v(E) dE
1∫
−1
f (ξ, E, μ)μ dμ.
At each precipitation depths this electric field causes preferential
scattering of beam electrons towards negative μ and the forma-
tion of returning beam electrons (μ < 0) with their own electric
field directed in the opposite direction. At every precipitation
depth, the electric field carried by returning electrons (μ < 0)
reduces the electric field induced by the precipitating electrons
(μ > 0). This reduces the resulting electric field produced by
beam electrons causing a return current from the ambient elec-
trons at a given depth (van den Oord 1990; Siversky & Zharkova
2009).
Therefore, the electric field carried by the beams themselves
at every depth, which is used in the Fokker-Plank equation
(Eq. (1)) can be written as follows
E = j(ξ)
σ(ξ) =
e
σ(ξ)
Emax∫
Emin
v(E) dE
1∫
−1
f (ξ, E, μ)μ dμ, (4)
where σ(ξ) is the classical conductivity of the ambient plasma at
a given precipitation depth defined as (Spicer 1977)
1
σ
=
7.28 × 10−8X
T 1.5e
ln
⎛⎜⎜⎜⎜⎝ 32e3
k3BT
3
e
πn
⎞⎟⎟⎟⎟⎠ + 7.6 × 10−18(1 − X)X T 0.5e , (5)
where X is the ionization degree.
2.1.4. Method of solution and accepted parameters
The set of Eqs. (1) and (4) define the electron beam precipita-
tion into a flaring atmosphere. Unlike the stationary solutions
found by Zharkova & Gordovskyy (2005) (e.g., excluding the
time derivative), we solve the full time-dependent Fokker-Planck
(FP) equation above. In the solution we also include the term
with pitch angle diﬀusion (a second derivative by μ) and mag-
netic field convergence and yet exclude the diﬀusion in energy
(the first term in the collisional integral). For the FP solutions,
we use the summary approximation method (Samarskii 2001)
by applying the iteration method by dividing the temporal dif-
ference evenly between three other variables (depth, energy and
pitch angles); this method already has proven to give reliable
time-dependent solutions for both short impulses and steady in-
jection (Zharkova et al. 1995; Siversky & Zharkova 2009).
The converging magnetic field acts as a magnetic mirror
that can increase the number of electrons moving upwards. We
determine the magnetic convergence parameter, αB by select-
ing a characteristic column depth that defines the scale of the
magnetic field change in the selected flaring atmospheres. By
comparing the 4 models currently considered in the literature
(Siversky & Zharkova 2009), in the current paper, we adopt the
convergence model with a scale column depth of ξ = 1020 cm−2
which closely corresponds to values deduced from observations
(Kontar et al. 2008).
In the current paper we consider relatively long beam in-
jection times of a few seconds, and, therefore, seek the solu-
tions of the quasi-stationary Eq. (1), i.e. those obtained for the
time-dependent equation after the time interval when the sta-
tionary injection is established and fully compensated by return-
ing electrons. This steady state is normally achieved for a beam
with γ = 3 and an initial energy flux F = 1010 erg cm−2 s−1
at about 0.07 s after the onset of beam injection (Siversky &
Zharkova 2009).
2.2. Hard X-ray bremsstrahlung emission and polarization
The parameters of X-ray emission from a homogeneous source
in the solar corona (observed at the Earth) are determined by the
equation (Elwert & Haug 1970; Brown 1972; Leach & Petrosian
1983)
[
I
Q
]
(hν, θ) = niV
2πR2
∞∫
hν
v(E) dE
1∫
−1
f (E, μ) dμ
×
2π∫
0
[
σI
σQ
]
(hν, θ, E, μ, ϕ) dϕ, (6)
where I and Q are the Stokes parameters of bremsstrahlung ra-
diation, hν and θ are the energy and the propagation angle (with
respect to the magnetic field, i.e., pitch angle) of the X-ray pho-
tons, ni = n is the concentration of the background ions, V is
the source volume, R is the astronomical unit, the parameters
σI,Q describe the bremsstrahlung probability (see Appendix A),
and ϕ is the electron azimuthal angle. The factor 2π is related
to the normalization condition, since the distribution function of
electrons is assumed to be azimuthally symmetrical. In this case,
another Stokes parameter (U) equals zero (Bai & Ramaty 1978;
Leach & Petrosian 1983).
We assume that the X-ray source can be represented by a
cylindrical magnetic tube in which the magnetic field is aligned
along the tube axis. All the parameters of the plasma, magnetic
field, and accelerated particles depend only on the coordinate z
along the tube. In this case, the total (integrated over all layers
of the source) emission is determined by the equation
[
I
Q
]
(hν, θ) = S
2πR2
ξmax∫
0
dξ
∞∫
hν
v(E) dE
1∫
−1
f (ξ, E, μ) dμ
×
2π∫
0
[
σI
σQ
]
(hν, θ, E, μ, ϕ) dϕ, (7)
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where S is the cross-section area of a fluxtube. In a converging
magnetic field, the cross-sectional area varies (due to the conser-
vation of the magnetic flux) as S (ξ) ∼ B−1(ξ), and the concen-
tration of the accelerated particles varies as ne(ξ) ∼ B(ξ). Thus,
those variations compensate each other and do not need to be
considered.
The degree of the linear polarization of the emission is
defined by
η =
Q
I
, (8)
and the angular distribution of the emission can be characterized
by the so-called directivity parameter (Brown 1972; Leach &
Petrosian 1983)
D(θ) = I(θ)〈I〉 , (9)
where 〈I〉 is the emission intensity averaged over all propaga-
tion angles. The three-dimensional integrals over the compo-
nents of the electron velocity in (6−7) were calculated using
Monte-Carlo method.
3. Results and discussion
3.1. Dynamics of electron beams
In all calculations, anisotropic scattering is considered, i.e, a de-
pendence of electron distributions on the pitch angle at scatter-
ing. A few precipitation models were used to investigate the
combined eﬀects of diﬀerent energy losses: a) C – only col-
lisions with charged particles and neutrals, b) CE – collisions
and self-induced electric field, c) CB – collisions and converg-
ing magnetic field, and d) CEB – collisions, a self-induced elec-
tric field, and a converging magnetic field. In the simulations,
we used the following parameters: initial energy flux of the ac-
celerated electrons F = 1010 erg cm−2 s−1, electron energy range
defined by Emin = 12 keV, Emax = 1200 keV, initial pitch-angle
dispersion of the electrons Δμ = 0.2, and a transition region
boundary at ξc = 1020 cm−2. The initial power-law index of the
accelerated electrons was taken to be either γ = 3 or γ = 7.
The convergence factor Bc/B0 was equal to Bc/B0 = 3 and the
characteristic column depth to 2 × 1020 cm−2 (for details of the
selection rule, see Siversky & Zharkova 2009).
Examples of the distribution functions of electron for a few
column depths are shown in Figs. 1−3: a) for the column den-
sity of ξ = 1018 cm−2 (Fig. 1), b) for the column density of ξ =
1020 cm−2 (Fig. 2), and c) for the column density ξ = 1022 cm−2
(Fig. 3). One can see that both the self-induced electric and the
converging magnetic fields produce a particle stream that propa-
gates upwards, or returns back to the coronal source, from which
it is injected. This stream significantly exceeds a random stream
of particles scattered isotropically and becomes comparable to
the stream of the particles propagating downwards, or precipi-
tating particles.
The self-induced electric field of the beam produces a stream
of returning beam electrons (Figs. 1a and 1d) that compensates
for the charge of precipitating electrons from Eq. (4). The self-
induced electric field at all depths comprises an electric field of
precipitating electrons minus the electric field of the beam elec-
trons, which changed their propagation direction at the depths
above to the negative μ. This electric field corresponds to one
that is then compensated for by the ambient electrons known as
a return current (van den Oord 1990). We note that for electron
beams with extended energy ranges up to 1.2 MeV, the eﬀect of
a self-induced electric field remains more important at upper at-
mospheric depths for beams with softer energy spectra (compare
the left graphs (a, d) in Figs. 1−3), confirming the conclusions
of Zharkova & Gordovskyy (2005, 2006). One can also see that
the self-induced electric field is able to accelerate the returning
beam particles to rather high energies (up to 50−100 keV), while
their number drops to zero at higher energies.
The distributions of returning electrons also depart from
power laws resembling quasi-thermal distributions. The varia-
tions in power-law index γ in the energy distributions of in-
jected particles lead to a number of precipitating electrons that
decreases with energy much faster for γ = 7 than for γ = 3.
As a result, for γ = 7, at some atmospheric depths (Fig. 1), the
number of returning particles with energies below 100 keV can
even exceed the number of precipitating particles with the same
energies, which dramatically aﬀects the properties of the X-ray
emission, as discussed in Sect. 3.2.
On the other hand, a converging magnetic field produces the
well-known loss-cone distributions by reflecting the precipitat-
ing electrons being scattered to pitch angles within the loss-
cone defined by the magnetic convergence factor (Figs. (1−3)b
and (1−3)e). The energy spectrum of the returning particles (re-
flected by a converging magnetic field) does not diﬀer signifi-
cantly from the initial energy spectrum of precipitating particles.
However, the eﬀect of magnetic mirroring is more significant
for higher energy electrons than other energy losses (collisions
or Ohmic losses) (compare Figs. 3a, d and c, f with Fig. 1a, d
and c, f, respectively). This is because energy losses depend in-
versely on the particle energies, thus becoming with depth (and
energy loss) much smaller than the energy losses in magnetic
mirroring (convergence). In real events (e.g., solar flares), all the
energy loss factors operate simultaneously, producing the beam
electron distributions in energy and pitch angles perhaps similar
to those shown in Figs. (1−3)c and (1−3)f.
At depths of ξ  1020 cm−2 where the bulk of electrons lose
their energy, the magnetic field convergence and collisions gov-
ern the remaining electron distributions (Fig. 2). The electrons
are distributed almost isotropically at all energies (due to colli-
sional scattering) and the converging magnetic field makes the
isotropisation process faster. In deeper layers (Fig. 3), the num-
ber of particles decreases rapidly with depth because of colli-
sions. Since the collisional losses are more significant for low-
energy electrons, the “humped” distribution (with a maximum at
about 100 keV) is formed.
Figure 4 shows the density variations of energetic electrons,
where the distance from the injection point is expressed as a
column density. If the self-induced electric field is not taken
into account (see the panels labeled C and C+B), then the elec-
tric currents directed upwards and downwards do not compen-
sate each other because only some of the precipitating elec-
trons are scattered to negative pitch angle cosines, as described
by Eq. (4) for the self-induced electric field. The beam densi-
ties of returning electrons depend on the energy loss mecha-
nisms of precipitating electrons. We note that in the corona (at
ξ < ξ10  2 × 1019 cm−2), the electron energy losses due to
collisions are insignificant, while Ohmic losses can play a dom-
inant role (compare the magnitudes of collisional and electric
stopping depths defined in Table 1 of Zharkova & Gordovskyy
2006). Thus, the number of returning particles (integrated over
all energies) is always slightly less than that of the total precipi-
tating particles.
At every precipitation depth in the corona, there is a substan-
tial increase in the numbers of particles that propagate upwards
(as shown in the panels labeled C+E and C+E+B in Figs. 1−3),
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Fig. 1. Electron distribution functions (in the E − μ space) obtained by solving the Fokker-Planck equation at the column depth of ξ = 1018 cm−2.
The initial power-law indices of the accelerated electrons are equal to 3 and 7. The factors taken into account are: collisions (C), self-induced
electric field (E), and convergence of the magnetic field (B).
Fig. 2. Electron distribution functions at the column depth of ξ = 1020 cm−2. Other simulation parameters are the same as in Fig. 1.
this increase becoming higher for the beams with larger spectral
indices (compare Figs. 4a and 4b). In other words, the electric
current is not simply proportional to the density of precipitat-
ing particles as discussed in Sect. 2 but depends on the spectral
characteristics of beam electrons indicated by Eq. (4). Our sim-
ulations confirm the well-known fact that electron beams with
harder spectra can reach deeper layers of the solar atmosphere
(Zharkova & Kobylinskii 1993; Zharkova & Gordovskyy 2005;
Siversky & Zharkova 2009). This produces higher densities at
deeper atmospheric levels for the electron beams with γ = 3
than for those with γ = 7, while at upper atmospheric levels
the densities of returning electrons are higher for the electrons
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Fig. 3. Electron distribution functions at the column depth of ξ = 1022 cm−2. Other simulation parameters are the same as in Fig. 1.
Fig. 4. Dependencies of the density of precipitating electrons on a column density of the ambient plasma. Dotted line: downward propagating
particles (μ > 0); dashed line: upward propagating particles (μ < 0); solid line: total concentration (downward + upward). In the diﬀerent panels,
the electron distributions are obtained by taking into account diﬀerent factors (see Fig. 1).
with γ = 7, reflecting the Ohmic loss dependence of the power-
law index (Zharkova & Gordovskyy 2006). The eﬀect of mag-
netic mirroring for the C+E+B models only enhances the num-
ber of returning electrons across the entire energy range as
represented by Figs. 1−3.
3.2. Variations in HXR bremsstrahlung intensity
and polarization
3.2.1. Depth variations of HXR bremsstrahlung emission
The hard X-ray bremsstrahlung intensity and polarization pro-
duced by electrons injected with power-law spectral indices of
γ = 3 (red lines) and γ = 7 (blue lines) are shown in Fig. 5.
The first three columns present the X-ray photon spectra for
the diﬀerent simulation models and propagation directions, at
three distances from the electron injection point. We note that
the curves for diﬀerent electron power-law indices are drawn by
using a diﬀerent scaling factor, so the direct comparison of HXR
emission caused by these beams with their assigned spectral in-
dices is infeasible. The last column of Fig. 5 shows the polar-
ization of HXR emission calculated for a pitch angle θ = 90◦,
where it is the highest.
We first consider the emission from the electron beams with
γ = 3 (shown by red lines in Fig. 5). The spectrum of emis-
sion from the initial electron beam (at the injection point) with
a power-law distribution is shown in Fig. 5a. Hard X-ray emis-
sion, especially at higher energies, is emitted preferably in the
Page 7 of 18
A&A 512, A8 (2010)
Fig. 5. Intensity (in relative units) and polarization of the hard X-ray emission for the diﬀerent energies. Initial power-law indices of the accelerated
particles are: γ = 3 (red lines) and γ = 7 (blue lines). The intensity profiles for γ = 3 and γ = 7 are indicated by using a diﬀerent scaling; the
intensity values are shown on the left (for γ = 3) and on right (for γ = 7) margins, respectively. Dotted line: emission of the downward propagating
particles (with μ > 0); dashed line: emission of the upward propagating particles (with μ < 0); solid line: total emission (downward + upward).
The diﬀerent panels (from a to f) correspond to the diﬀerent depths (ξ) and the diﬀerent simulation models (see Fig. 1).
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direction of electron propagation (θ  0◦). Thus, with increasing
viewing, or pitch, angle θ, the emission intensity is expected to
decrease, and the spectrum becomes softer, if the bulk of elec-
trons continue to propagate downwards. However, as the scatter-
ing intensity of electrons increases with depth, the above con-
clusion becomes not valid because the electrons emit far more
isotropically.
The intensity plots in Figs. 5b−5e illustrate the eﬀects of
collisions, a self-induced electric field, or a converging mag-
netic field on the emission, at some distance from the injection
point (ξ = 1018 cm−2 corresponding to the corona). Figure 5b
illustrates the eﬀect of collisions with pitch-angle scattering on
the HXR emission emitted by the downward (dotted line) and
upward (dashed line) moving particles. As we established in
Sect. 3.1, the number of particles scattered by pure collisions
to large angles (when μ changes sign) remains very small. This
explains why the coronal emission from precipitating electrons
is an order of magnitude higher than those in the chromosphere
(compare rows b and f), while the shape of the energy spectrum
does not change much with depth. The emission from returning
electrons (dashed line) is much smaller than for the precipitating
ones. Emission from returning electrons becomes closer to those
from precipitating ones as the viewing angle increases.
Figure 5c shows the eﬀect of a self-induced electric field
and the appearance of the electrons of a return current (moving
with μ < 0), which have a considerable eﬀect on the resulting
HXR emission spectra. This eﬀect is strongest at hν < 60 keV,
but is noticeable at the higher energies as well (up to 300 keV)
for beams with an upper energy cutoﬀ of 1.2 MeV. The up-
ward emission (θ = 180◦) is generated entirely by electrons of
the return current. The emission intensity (especially at energies
of about 30−100 keV) is much higher than for collisions with
anisotropic scattering without the return current. The emission
spectrum at a depth of 1018 cm−2 diﬀers from a power-law, the
spectrum apparently flattening at lower energies while keeping
its power-law shape at higher energies. This eﬀect was noted
previously by Zharkova & Gordovskyy (2005, 2006).
The spectral flattening at low energies is also visible at the
viewing angle θ = 90◦, although is much weaker. The contri-
butions of the downward and upward electrons become almost
equal. For the downward emission (θ = 0◦), the contribution of
the downward electrons always far exceeds that of the upward
electrons. Nevertheless, even in this case the return current elec-
trons aﬀect the spectrum shape at energies below 50 keV.
The eﬀect of a converging magnetic field is illustrated in
Fig. 5d. The convergence eﬀect is strongest at θ = 180◦, where
emission at higher energies is produced entirely by reflected
electrons, and at lower energies (<30 keV) the contribution of
the reflected particles dominates. The emission intensity is about
two times higher than in the case of pure collisions (Fig. 5b), and
the spectrum is harder. For the transversal propagation (θ = 90◦),
the contributions of the downward and reflected electrons are
comparable, and the spectra of emission produced by these elec-
tron populations are almost identical. For the downward emis-
sion propagation (θ = 0◦), the contribution of the reflected
electrons into X-ray emission is negligible.
The intensities and polarization calculated for the most
realistic case that includes all the energy loss eﬀects, e.g.,
collisions, return current, and magnetic field convergence, are
plotted in Fig. 5e. One can see that two factors that produce
the upward electron flux are now combined: the return current
electrons increase the upward emission intensity at lower ener-
gies (<100 keV), while the reflected (by the converging mag-
netic field) particles enhance the high-energy tail of the emission
spectrum. We note that the converging magnetic field removes
the spectral flattening at lower energy as seen in Fig. 5c (for the
beam with γ = 3). The emission spectra at all viewing direc-
tions become similar to that in Fig. 5d. We conclude that for
hard electron beams, the influence of the converging magnetic
field is stronger than that of the self-induced electric field.
The emission spectra for deeper layers of the solar atmo-
sphere (in the chromosphere) are plotted in Fig. 5f. Our calcula-
tions show that the spectrum shape is almost independent of the
simulation model. This means that the eﬀects of either a con-
verging magnetic field or a self-induced electric field become
less significant than collisions, which are the principal mecha-
nism responsible for HXR emission at this level. In the directions
θ = 0◦ and θ = 90◦, the contribution of the emission produced
by downward electrons dominates. For the direction θ = 180◦,
the contributions of the emission produced by either downward
or upward (scattered) electrons are almost equal.
The relative contributions of the scattered and returning elec-
trons into the hard X-ray emission become higher for softer
beams (that is shown by blue lines in Fig. 5). In the model tak-
ing into account the eﬀects of collisions and self-induced elec-
tric field (Fig. 5c), the relative contribution of the return current
electrons is more significant for the beam with γ = 7 than for
the beam with γ = 3. This is particularly clear for the viewing
angles θ = 90◦ (where the emission at 20-100 keV is produced
mainly by the return current electrons) and θ = 0◦ (where con-
tributions of the upward and downward electrons are nearly the
same at 20−50 keV); at θ = 180◦, the emission from the return
current electrons is strongly dominant both in the hard and soft
beams, and a spectral flattening at low energies is observed.
The eﬀect of a converging magnetic field on a softer beam
with γ = 7 is similar to that of a harder electron beam with
γ = 3 (see Fig. 5d), both qualitatively and quantitatively.
The plots of HXR emission caused by electron beam scatter-
ing in the model with collisions+ return current+magnetic field
convergence (Fig. 5e, blue lines) are similar to those calculated
for the model with collisions + return current (Fig. 5c). This im-
plies that for softer beam (γ = 7), the eﬀect of a self-induced
electric field far exceeds all other factors. In particular, the con-
verging magnetic field does not remove the spectral flattening
entirely (although it reduces the energy range, where the flatten-
ing takes place). The HXR polarization will also be significantly
aﬀected, as discussed in Sect. 3.2.2.
In the deeper layers of the solar atmosphere (see Fig. 5f), the
emission parameters again become almost insensitive to the sim-
ulation model used, because the parameters of the accelerated
particles are determined mainly by the collisions here. However,
it should be noted that for the beam with γ = 7, only a small
fraction of particles can reach the chromosphere. The electrons
at greater precipitation depths produce far lower HXR emis-
sion intensities (compare the magnitudes of intensity in Figs. 5a
and 5f).
3.2.2. Depth variations of the HXR bremsstrahlung
polarization
With respect to the depth variation in the electron distributions
discussed in Sect. 3.1, the polarization degree viewed in a per-
pendicular direction (right panels at Fig. 5) infers also a strong
dependence on precipitation depth and the beam parameters.
At the injection point (Fig. 5a), the polarization degree
steadily decreases (by absolute value) with energy for both hard
and soft beams. At intermediate precipitation depth, for a harder
beam (γ = 3, shown by red lines) in the model with pure
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collisions (Fig. 5b), the polarization degree has a maximum near
the lowest photon energy (at about 15 keV) and decreases as the
energy increases.
For the same beam parameters (γ = 3) and at the same
depth, the model with a magnetic field convergence (Fig. 5d)
exhibits an increase in the polarization degree at higher energies
(the polarization degree decreases with energy more slowly than
without the converging magnetic field) because of the reflected
electrons. In contrast, the return current (Fig. 5c) decreases the
polarization degree at lower energies, such that the hard elec-
tron beam produces emission with nearly constant (η  −0.4)
polarization in the energy range 12−100 keV. A combination
of these two factors (see Fig. 5e) results in a weak polariza-
tion maximum, which occurs at an energy of about 30 keV. In
deeper layers (Fig. 5f), the polarization degree decreases in all
the models considered, since the electron distribution becomes
more isotropic, in general, owing to collisions and pitch-angle
diﬀusion.
The polarization of the emission from the beam with γ =
7 (shown by blue lines) is higher than those from beams with
γ = 3. This is partially caused by the diﬀerent numbers of high-
energy particles and the properties of the bremsstrahlung cross-
sections. For the initially injected beam (Fig. 5a), the diﬀerence
in polarization is caused only by the two aforementioned factors.
Another reason is the increase in the degree of scattering of beam
electrons for γ=7, e.g., a larger number of lower energy electrons
moves not downwards but in a perpendicular direction. This, in
turn, happens owing to the joint eﬀect of collisions and Ohmic
losses (Zharkova & Gordovskyy 2005, 2006).
The converging magnetic field (see Fig. 5d) aﬀects the emis-
sion from beams with γ = 3 and γ = 7 in the same way. The
eﬀect of a return current (Fig. 5c) for the soft beams is far more
significant than for the harder ones: the polarization degree is re-
duced significantly at lower energies, so we can see the polariza-
tion maximum at about 150 keV. The combined eﬀects of col-
lisions, converging magnetic field, and return current (Fig. 5e)
produce a clearly defined polarization maximum at 50−60 keV;
the polarization degree at that point exceeds (in absolute value)
60%. The similar polarization maximum, but shifted to lower
energies (about 50 keV) and with lower magnitude, can be seen
even in deeper layers (Fig. 5f).
For other viewing angles, the depth variations in HXR polar-
ization produced by a hard beam are, in general, rather complex
(see Fig. 6). It can be noted that the precipitation depth of the
emitting electrons is the key factor in defining the magnitude of
polarization produced. The highest polarization degree (−46%
at 30 keV and −37% at 100 keV, for a beam with γ = 3) for the
initially injected collimated beam is observed in the transver-
sal (θ = 90◦) propagation direction. As the electron beam prop-
agates downwards, the polarization dependence on the propa-
gation direction becomes asymmetric, although, in general, the
polarization maximum does not deviate much from θ  90◦.
The polarization values depend on the simulation model. For the
model with collisions and return current (Fig. 6a), at 30 keV, the
polarization degree steadily decreases with depth, which shifts
the maximum to lower viewing angles. At 100 keV, the polariza-
tion degree firstly increases slightly, and then decreases again.
The converging magnetic field increases the rate of electron
isotropization leading, thus, to a HXR polarization decrease with
depth (see Figs. 6b and 6c) that occurs far more rapidly than
in the homogeneous magnetic field. In the deepest layers, we
can see small positive polarization values at the propagation an-
gles >90◦, which are caused by reflected particles with large
pitch-angles.
Softer electron beams (Figs. 6d−6f) exhibit a similar depen-
dence of the HXR polarization on the depth and the simula-
tion model. The polarization degree is higher now (up to −62%
at 30 keV and −58% at 100 keV). As for harder beams, evolu-
tion in the polarization degree with depth is governed mainly by
the convergence of the magnetic field, but the eﬀect of the return
current is now stronger (compare Figs. 6e and 6f).
It can be seen that the HXR polarization calculated even for
all energy losses above can still reach 60% at the right viewing
angle (90◦) (see Figs. 5−6). This helps one to understand that
the position of a flaring atmosphere on the solar surface and the
viewing angle from which it is observed can be factors defining
the total observed outcome. For example, this can explain the
very high polarization degrees (up to 50%) reported for the flare
23 July 2002 (McConnell et al. 2003), which was located very
close to the limb, and thus seen from the viewing angle close
to 90◦ and at small integration depth because seen from a side.
3.2.3. Depth variation of the HXR bremsstrahlung directivity
The variations with depth of X-ray emission directivity can be
explored in detail from Fig. 6. Firstly, we consider the case of
γ = 3 (Figs. 6a−6c) when the directivity is the highest. If one
includes only the eﬀects of collisions and self-induced electric
field (Fig. 6a), then the changes in the X-ray directivity reflect
the evolution of electron isotropization via collisions and re-
turn current. At the injection point (ξ = 0), the emission is
highly directed and is radiated mainly downwards. As long as the
stream of returning electrons develops at deeper column depths
(ξ = 1018 and 1019 cm−2), the intensity of emission into the up-
ward hemisphere (towards an observer) increases due to the in-
creased number of particles moving upwards (see Sect. 3.1).
Thus, at lower energies (30−40 keV), the emission becomes
almost isotropic. In the deeper layers of the solar atmosphere
(ξ = 1020 and 1021 cm−2), the HXR photon flux decreases be-
cause of the lower total number of electrons losing their energy
in collisions. This results, in turn, in the density and the energies
of the returning electrons decreasing considerably, and the X-ray
emission (at 30 keV) becoming again directed mainly down-
wards. At higher energies (>100 keV), this decrease is much less
noticeable because only particles with energies much higher than
100 keV can reach this energy at a given depth. These higher
energy electrons do not lose their energy fast enough because
the Ohmic losses become negligible owing to the lower num-
ber of electrons, while collisional losses are reduced because the
ambient plasma becoming partially ionized, so the particles can
precipitate to deeper atmospheric levels.
Figure 6b shows the hard X-ray directivity and polariza-
tion for the models with collisions and converging magnetic
field. One can see that at lower energy (30 keV), the directiv-
ity pattern steadily becomes more isotropic when the electron
beam propagates to deeper atmospheric layers. At higher energy
(100 keV), the process of isotropization is slower. At the level
ξ = 1018 cm−2, we can see the emission of two beams, the direct
and the mirrored ones.
In Fig. 6c, both the collisions, return current, and magnetic
field convergence are taken into account. In this case, the rela-
tive contribution of the upward particles into emission increases
compared with two previous cases. Now the upward emission
can even dominate at ξ = 1018 and 1019 cm−2 for the energy
30 keV, and at ξ = 1018 cm−2 for the energy 100 keV.
It was noted in Sects. 3.1, 3.2, and 3.2.2 that the eﬀects of
the self-induced electric field become much stronger for softer
electron beams (with γ = 7). This conclusion is also confirmed
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Fig. 6. Directivity and polarization of the hard X-ray emission for diﬀerent propagation directions. The electron distribution functions are obtained
with taking into account diﬀerent factors (see Fig. 1), the initial power-law indices of beam electrons are γ = 3 (at the left panels) and γ = 7 (at
the right panels). Solid line corresponds to the level where ξ = 0, dashed line – ξ = 1018 cm−2, dotted line – ξ = 1019 cm−2, dash-dotted line –
ξ = 1020 cm−2, and dash-double-dotted line – ξ = 1021 cm−2.
by the directivity plots (Figs. 6d−6f). In Fig. 6d (collisions +
return current), one can see that the X-rays are emitted mainly
upwards at ξ = 1018 cm−2 and 30 keV; the upward emission at
the same depth at 100 keV is comparable to the downward one.
The converging magnetic field (Fig. 6e) has almost the same
eﬀect as for the harder beam. In Fig. 6f (collisions + return
current + magnetic field convergence), the upward emission
strongly dominates at the levels of ξ = 1018 and 1019 cm−2 for
both considered energies. These eﬀects need to be incorporated
into the integrated polarization to be compared with those mea-
sured by the RHESSI instruments.
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Fig. 7. Integrated by column depth intensity (in relative units) and polarization of hard X-ray emission for diﬀerent energies. The initial power-law
indices of the beam electrons are: γ = 3 (red lines) and γ = 7 (blue lines). The intensity profiles for γ = 3 and γ = 7 are indicated by using
diﬀerent scaling: the intensity magnitudes are shown on the left (for γ = 3) and right (for γ = 7) margins, respectively. Diﬀerent lines correspond
to the diﬀerent simulation models: solid line – the case of pure collisions (C), dotted line – collisions and return current are taken into account
(C+E), dashed line – collisions and converging magnetic field are taken into account (C+B), and dash-dotted line – all factors taken into account
(C+E+B).
3.2.4. Integrated HXR bremsstrahlung emission
and polarization
The total emission from the considered coronal magnetic tube
with the emission parameters integrated over all layers using
Eq. (7), is shown in Figs. 7 and 8. As in Fig. 5, the emission
parameters for the electron beams with diﬀerent power-law in-
dices in Fig. 7 are shown in diﬀerent colors (red for γ = 3 and
blue for 7). We note that in Fig. 7, the intensity plots for γ = 3
and γ = 7 are drawn for diﬀerent scalings (shown at the left axis
for γ = 3 and at the right axis for γ = 7).
One can note from Fig. 7 that a harder beam exhibits a strong
dependence on magnetic field convergence (compare the mod-
els with a constant magnetic field (C, C+E) with those taking
into account a magnetic field convergence (C+B, C+E+B)). In
the converging magnetic field, the emission intensity is lower
than in the homogeneous magnetic field, because the magnetic
mirroring reduces the number of electrons reaching the deepest
layers of the solar atmosphere. For the softer beams, this depen-
dence is less significant, as the number of electrons reaching the
deepest layers is small in any case due to collisional damping.
A small spectral flattening at lower energies is evident, although
it is less pronounced than for the emission from the individual
layers in the corona (compare with Fig. 5); the “break” energy
(for the C+E+B model and for the upward emission) is found to
be about 100 keV for the beam with γ = 3 and about 50 keV for
γ = 7. This confirms the analytical predictions for a simplified
precipitation model done by Zharkova & Gordovskyy (2006).
The integrated HXR directivity and polarization are found
to be even more sensitive to the beam parameters and viewing
angles. One can see that for harder beams, the return current
almost does not change the integrated directivity (in comparison
with the purely collisional model), but reduces the integrated po-
larization at both energies considered. The converging magnetic
field reduces the directivity and polarization significantly, and
the results for the C+E+B model are similar to those for C+B.
For softer beams, the eﬀect of the return current is much
stronger. We can see that the combination of the converging
magnetic field and return current changes the directivity at
30 keV, so the integrated emission is directed mainly upwards.
The integrated polarization in this case can become higher than
for the purely collisional model. At 100 keV, the downward
emission always dominates, but the upward emission in C+E+B
model is considerably stronger than in the other three models.
It can be seen from Figs. 7, 8 that the maximal polarization
Fig. 8. Directivity and polarization of the hard X-ray emission for the
diﬀerent propagation directions. The emission parameters are integrated
over all layers of coronal magnetic tube. Initial power-law indices of
the accelerated particles are: γ = 3 (red lines) and γ = 7 (blue
lines). Diﬀerent lines correspond to the diﬀerent simulation models (see
Fig. 7).
degree (about −36%) is achieved for the beam with γ = 7, in the
model with collisions, return current, and converging magnetic
field, at the energy of about 30 keV and transversal propagation
direction.
For a hard electron beam (γ = 3) of medium intensity
(F = 1010 erg cm−2 s−1), the parameters of HXR emission are de-
fined by the electrons, which do not induce a strong electric field
and lose their energy mainly by collisions, i.e., in other words,
for harder beams their X-ray emission is generated mainly in
the deepest layers of the solar atmosphere (transition region and
chromosphere). In contrast, for the electron beams with γ = 7,
only a small fraction of particles can reach the chromosphere.
As a result, the X-ray emission from these beams is gener-
ated mainly in the corona, where, in turn, the eﬀect of the self-
induced electric field is significant.
The current study has also established that the measurements
of HXR integrated polarization combined with those of pho-
ton flux can derive far more precise electron beam parameters
and provide far deeper insight into the mechanisms of particle
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Fig. 9. The hard X-ray double power-law spectra observed by RHESSI for the flares of 23 July 2002 (upper plots) and 20 July 2002 (lower plots)
for the times plotted in the top right corners of each plot. The top left and right plots correspond to the electron energy fluxes of 2 × 1010 and
5 × 1010 erg cm−2 s−1 for the electron spectral index γ = 7, respectively. The bottom left and right plots correspond to the energy fluxes of 1 × 1011
and 5 × 1010 erg cm−2 s−1, respectively. The straight lines show the fits by single power law spectra for lower energy and upper energy parts.
transport in the deeper atmospheric levels than the pure emis-
sion measurements.
3.2.5. Comparison with observations
We now compare our simulation results with the available ob-
servations of HXR bremsstrahlung emission, polarization, and
directivity.
HXR bremsstrahlung photon spectra
We first consider the deduced photon energy spectra and de-
termine how they can be reproduced by the theoretical calcula-
tions (Fig. 9). It can be seen that the observed energy spectra for
the flares 20 and 23 July 2002 have distinctive double power-law
energy spectra where the lower energy part is flattened to much
lower spectral indices (e.g., 4.6 and 4.4 for the 23 July flare (Sui
et al. 2007) and 4.5 and 5.0 for the 20 July flare) compared to the
higher energy parts (6.1−6.2 for the 23 July flare (Holman et al.
2003) and 7−7.7 for the 20 July flare). The observed HXR pho-
ton spectra can be well reproduced by the simulated ones pro-
duced by the distribution functions of precipitating and return-
ing electrons by using Eq. (8) for the relativistic cross-sections
from Appendix A and taking into account the self-induced
electric field that causes the photon spectrum flattening at lower
energies (Zharkova & Gordovskyy 2006) as discussed below.
The theoretical spectra of HXR bremsstrahlung photon spec-
tra are shown to be divided into two parts, lower and higher
energy ones with much lower spectral indices at the lower en-
ergy parts than in the higher ones (see Fig. 11 in Zharkova &
Gordovskyy 2006). The break energy corresponds to the electric
field induced by lower energy electrons losing their energy in
collisions and Ohmic losses. It can be seen that the diﬀerence in
the spectral indices δl of photon spectra at the lower energy part
is greater for beam electrons with higher initial spectral index γ
and initial energy flux F0. In contrast, the photon spectral indices
in the higher energy part of the spectrum δu are lower than the
initial spectral indices of beam electrons γ for lower initial en-
ergy fluxes F0 of beam electrons, or equal to γ for beams with a
higher initial energy flux of 1012 erg cm−2 s−1.
This means that for the flare on 23 July 2002, where the
lower energy index changes from 4.6 to 4.4 in the left and right
top plots of Fig. 9, respectively (Holman et al. 2003), one ob-
serves an increase in the initial energy flux of beam electrons
in the two consecutive times by a factor 2 – from 2 × 1010 to
4 × 1010 erg cm−2 s−1, which is confirmed by the light curves
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Fig. 10. Comparison of the simulations of HXR bremsstrahlung polarization for 20 keV (left plot) and 200 keV (right plot) produced for diﬀerent
position angle on the solar disk (cosΞ = 1 in the disk center and 0 on the limb) by a wider electron beam with Δμ = 0.2 and the energy flux
of 1010 erg cm−2 s−1 (γ = 3: C+E model – solid line, C+E+B model – solid line with crosses; γ = 7: C+E model – dashed line, C+E+B model
– dashed line with crosses) and by more collimated (Δμ = 0.02) electron beam (C+E model) with γ = 7 and the initial energy fluxes of 1010
(dot-dashed lines) and 1012 erg cm−2 s−1 (dotted lines). The observation results are plotted as follows: diamonds correspond to the observations
of Tindo et al. (1970, 1972a,b) at 15 keV, triangles – to the observations of Tramiel et al. (1984) at 16-21 keV, squares – to the observations of
Suarez-Garcia et al. (2006) at 100−350 keV, and asterisks – to the observations of Boggs et al. (2006) at 200−400 keV.
for this flare (Holman et al. 2003). This increase in the electron
energy flux for the two observed cases results in a stronger flat-
tening of the photon spectrum in the second case than in the first.
A spectral diﬀerence between the lower and upper spectral
indices δl and δu of the observed photon spectra for these in-
stances (fits to the simulated spectra plotted by dashed lines in
Fig. 9) increased from 1.5 (6.1−4.6) to 1.6 (6.0−4.4). For the
20 July 2002 flare, the spectral index diﬀerence in the photon
spectra produced by beam electrons plotted in the bottom graphs
of Fig. 9 increases from 4.5 to 5.0. This confirms that the en-
ergy flux of beam electrons increased in time from 1 × 1011 to
5 × 1011 erg cm−2 s−1 as indicated in Fig. 11 and Table 2 in the
paper by Zharkova & Gordovskyy (2006). Thus, we reckon that
the observed spectral flattening at lower energies and the soft-
hard-soft pattern in the lower energy spectral indices of photon
spectra can be naturally explained by the low-high-low varia-
tions in the initial energy flux of beam electrons.
We note that the above-mentioned spectral flattening of the
X-ray spectra at lower energies caused by the returning beam
electrons is qualitatively similar to the expected influence of the
so-called albedo eﬀect (e.g., Bai & Ramaty 1978; Kontar et al.
2006). Part of the downwardly emitted photons should be re-
flected from the photosphere up to the observer, thus distorting
the primary emission spectra. The albedo contribution should be
highest for photon energies of about 30−50 keV (owing to the
energy dependence of the Compton scattering probability) and
for events occurring close to the solar disk center (due to the ge-
ometrical reasons). The same can be said about the contribution
of the returning electrons. In both cases we consider the reflec-
tion process, but either the photons or the precipitating electrons
(and photons emitted by them) can change their propagation
direction.
HXR bremsstrahlung directivity and polarization
Other properties of the HXR bremsstrahlung emission that
can help us to understand more clearly the mechanisms of
electron precipitation into a flaring atmosphere is linear polar-
ization calculated from Eq. (8) and directivity obtained from
Eq. (9). To achieve a closer fit to observations, we considered the
electron beam with all energy losses (collisions, convergence,
and Ohmic losses) and with wider and narrower pitch angle
dispersion Δμ = 0.2, 0.02 in the initial distribution defined by
Eq. (2). The polarization calculated for HXR bremsstrahlung
photon energies of 20 keV and 200 keV for diﬀerent models of
electron beam precipitation and flare locations on the solar disk
is plotted in Fig. 10 and the directivity in Fig. 11. The simula-
tions are tested by numerous observations of HXR polarization
and directivity plotted in each figure with their error bars as dis-
cussed below.
We note that the polarization is higher by up to a factor 2
for lower energy photons (20 keV) than for higher energy ones
(200 keV), which may be caused by the smaller number of high
energy photons compared to the lower energy ones because of
the power-law dependence on energy. For both photon energies
(20 and 200 keV), the simulated HXR polarization smoothly in-
creases towards the solar limb. For beam electrons with a wider
pitch-angle dispersion Δμ = 0.2, this increase is greater for a
higher spectral index of 7 compared to 3 and for the models
C+E+B taking into account magnetic field convergence in ad-
dition to the model with collisions plus electric field (C+E). The
same is valid for the polarization in high energy band of 200 keV
produced by beams with higher energy flux of 1012 erg cm−2 s−1
in the right plot of Fig. 10. For the polarization at lower energy
of 20 keV, the higher the initial energy flux of beam electrons,
the lower the polarization (see left plot in Fig. 10). The latter
is a clear electric field eﬀect that causes more beam electrons
to return back to the corona and a greater spectral flattening for
γ = 7 as discussed above. For a narrower electron beam, HXR
polarization increases closer to the limb by 30−40%.
To compare HXR polarization with available, observations
we considered our theoretical curves to reproduce the observed
polarization well if the observational error bars appeared within
the simulated polarization curves. The comparison is compli-
cated by availability only of polarization degrees and the ab-
sence of photon spectra and spectral indices in the polarization
reports by some authors. Thus, we have not yet had the chance
to compare all our simulations directly with observations for a
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Fig. 11. A comparison of the directivity estimations inferred for energies 20−200 keV from the statistical survey of diﬀerent flare positions at the
solar disk (cosΞ = 1 in the disk center and 0 on the limb) at ∼20−100 keV by Kašparová et al. (2007) with the calculated directivity (I/I⊕) of
hard X-ray bremsstrahlung emission produced by the model electron beams with the same parameters as in Fig. 10.
single flare, but only a collection for many flares. This is why
we present the distribution of polarization degree that depends
on the position of a flare on the solar disk for a set of electron
beam indices and energy fluxes, and plot the observed polariza-
tion on the same graph. It is clearly seen that in most cases the
measured polarization degrees are located well between the the-
oretical curves, confirming the validity of the applied models of
electron precipitation.
Although, there are some discrepancies between the simula-
tions and observations located at the disk center, which can be
caused by the loop tilts which lead to the resulting viewing angle
being higher than their position angle on the disk. Nevertheless,
at lower (20 keV) and higher energy (>200 keV), the fit is signif-
icantly improved (see the right plots in Fig. 10) by consideration
of a narrower electron beam, which leaves only one measure-
ment at cosΞ  0.55 not covered by the simulated curves. The
only measurement that is not fitted by the simulations is that of
the heliocentic angle of about 50 degrees, which can be produced
by even more focused beams, say with Δμ = 0.008−0.01, or by
the albedo eﬀect (which, according to Bai & Ramaty 1978, can
also increase the visible polarization).
The fit of our theoretical predictions of the HXR
bremsstrahlung directivity to those measured by Kašparová et al.
(2007) is plotted in Fig. 11. The simulations are carried out for
both wide and narrow electron beams with Δμ = 0.2 and 0.02 for
the same beam parameters discussed for polarization (Fig. 10).
It can be noted that the directivity of lower energy photons of
20 keV is lower and less widely dispersed over locations across
the solar disk than those of higher energy, e.g. 200 keV. The di-
rectivity is at its highest approaching 2.5 at the solar limb, while
it smoothly decreases to 0.5 at the solar disk center. The direc-
tivity of harder beams (γ = 3) for models with either pure col-
lisions or collisions and electric field, is higher than for softer
beams (γ = 7), and for models considering also a magnetic field
convergence. The directivity of higher energy photons produced
by a narrower beam with a higher initial energy flux becomes
much lower than that for a wider beam with lower energy flux.
The fit to the observed directivity to the theoretical curve of
directivity produced for the models C+E by a narrower electron
beam with higher energy flux of 1012 erg cm−2 s−1, is satisfactory
for higher energy emission (the right plot in Fig. 11). We empha-
size that in the current paper we have not taken into account any
albedo eﬀects, and considered only the non-isotropic pitch angle
scattering of beam electrons during their precipitation in a con-
verging magnetic field and self-induced electric field. The eﬀect
of particle kinetics is exhibited in their emission properties and,
in particular, its polarization and directivity.
However, when interpreting solar X-ray observations, the
albedo and electric field eﬀects can substantially change the
HXR directivity and polarization since they act on HXR emis-
sion in similar ways. This explains why Kašparová et al. (2007)
concluded that the observed deviations of the RHESSI flare
X-ray spectra from the power-law ones can be well explained
by the albedo eﬀect, as for our current and previous conclusions
about electric field eﬀect (Zharkova & Gordovskyy 2006). Sui
et al. (2007) found that the albedo correction is usually insuﬃ-
cient to explain the observations, and the remaining diﬀerence is
most probably due to the return current. A clearer diﬀerentiation
between the albedo and return current eﬀects can be achieved,
on the one hand, by using the spatially resolved observations of
very compact X-ray sources (the albedo source should be larger
than the primary X-ray source). However, simultaneous simula-
tions of the albedo and return current contributions are urgently
required and will be presented in a forthcoming paper.
4. Conclusions
The distribution functions of power-law beam electrons within
the energy range of 12 keV to 1.2 MeV are simulated during
their precipitation into a flaring atmosphere by using the Fokker-
Planck approach and taking into account collisional and Ohmic
energy losses in a converging magnetic field. By using the ob-
tained electron distributions, the resulting HXR emission with
relativistic bremsstrahlung cross-sections, directivity and polar-
ization are also calculated for precipitating and returning parti-
cles with the positive and negative pitch angle cosines, respec-
tively, at various depths and for diﬀerent viewing angles. The
conclusions of their comparison are summarized below.
The distributions of beam electrons are shown to be strongly
aﬀected by their self-induced electric field and magnetic field
convergence at given depths leading to a formation of particle
streams moving upwards to the source where they were injected
from. The self-induced electric field produces the returning elec-
trons, or return current, which compensates the electric field
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induced by precipitating electrons. For the extended upper cutoﬀ
energy of 1.2 MeV, the energy of returning electrons cover the
range up to 300 keV and their distributions are quasi-thermal-
like with wide maxima being caused by pitch-angle diﬀusion at
80 keV for γ = 3 and 120 keV for γ = 7. For a softer beam,
the number of returning electrons at some depths can exceed the
number of precipitating ones.
A converging magnetic field with a reasonable convergence
coeﬃcient (a factor of 2−3) towards the characteristic depth in
the upper chromosphere (ξ = 1020 cm−2) produces a stream of
mirrored electrons that are reflected by the magnetic field within
the loss cone defined by this convergence. The eﬀect of a con-
verging magnetic field becomes noticeable only after the initial
well-collimated beam electrons (with the pitch-angle dispersion
Δμ = 0.2 centered about μ = 1) become scattered by collisions
to larger pitch angles, or smaller μ that only happens after quite
a few steps in the precipitation depth and lasts until the con-
vergence exists. The energy spectra of electrons reflected by a
converging magnetic field remain the same (power-law like) as
for the precipitating electrons. The convergence eﬀect is found
to be more important for a harder beam than for a softer one
which is more aﬀected by a self-induced electric field. The joint
eﬀect of self-induced electric and converging magnetic fields at
all precipitation depths creates more electrons that return back
to the corona, whose numbers are higher for softer beams.
The beams, both precipitating and returning, produce HXR
bremsstrahlung emission throughout their precipitation depths.
It was found that at higher atmospheric levels (ξ ≤ 2×1018 cm−2)
the emission from precipitating electrons is often comparable
or even lower than those from the returning electrons. This is
caused by the self-induced electric field (for softer beams) or by
the magnetic field convergence (for harder beams).
The eﬀect of a converging magnetic field is strongest for a
viewing angle of 180◦ and decreases for smaller viewing angles.
Similarly, the eﬀect of a self-induced electric field is strongest
for the viewing angles about 180◦, but is significant for other di-
rections as well. The joint eﬀects of all energy losses on HXR
emission are defined by the dominant mechanisms of energy
losses, e.g., Ohmic losses prevailing for softer beams and con-
verging magnetic field prevailing for harder beams. The HXR
emission observed in the upper corona at small viewing angles
(less then 30◦) is produced predominantly by returning electrons,
not by the precipitating ones. For lower atmospheric depths, the
eﬀects of external fields are reduced and the emission is defined
by collisions only.
The depth and viewing angle variations of HXR polariza-
tion are far more pronounced than those of the emission. Near
the electron injection site, the polarization is maximal at the
lower energy cutoﬀ and then shifts to higher energies with every
precipitation depth, approaching 25 keV for models with pure
collisions and 100 keV for models with collisions and a return
current. In deeper layers, the polarization decreases because of
the isotropization of electrons by collisions. The maximum po-
larization is observed at the viewing angle of 90◦ and shifts to
lower angles for softer beams. The polarization of HXR emis-
sion caused by soft electron beams at 90◦ at higher depths is
higher than those produced by harder beams because the former
have more electrons scattered to larger pitch angles at smaller
depths. In deeper atmospheric levels, the polarization for harder
beams becomes higher that for softer ones, as defined by the
electron isotropization by collisions, which is higher for softer
electrons.
The HXR directivity, which determines the relative impor-
tance of downward and upward emission, is also shown to be
a function of precipitating depth and viewing angle being con-
trolled by a combination of the flare position on the solar disk
and the tilt of the flaring loop towards the solar surface. At the
injection point (ξ = 0), the emission is highly directed and radi-
ated mainly downwards. For all simulation models, in the deeper
atmospheric layers (about ξ = 1018 cm−2), a stream develops
from the electrons returning upwards to the source resulting in
an increase in the HXR intensity and directivity for small view-
ing angles in the upward direction (towards an observer).
For the models with an electric field and collisions, at up-
per atmospheric levels, the HXR emission at lower energies
(30 keV) is directed more upwards than downwards, owing to
the increased number of particles moving upwards. In the deeper
layers of the solar atmosphere (ξ = 1020 and 1021 cm−2), the up-
ward HXR photon flux (at 30 keV) is lower because of a consid-
erably lower number of returning electrons leading to the X-ray
emission being again directed mainly downwards. At higher en-
ergies (100 keV), this emission is directed downwards because
this eﬀect is less pronounced and the particles do not lose their
energy fast enough in the partially ionized plasma, so they can
precipitate to deeper atmospheric levels.
For the models with collisions and converging magnetic
field, the directivity pattern of HXR bremsstrahlung emission
remains nearly the same when the electron beam propagates
into deeper atmospheric layers showing that the emission is di-
rected mainly downwards. For models including collisions, re-
turn current, and magnetic field convergence, the relative contri-
bution into the HXR emission of the particles moving upwards
increases compared to the case of collisions and Ohmic losses.
In this case, the directivity is also governed by the self-induced
electric field and collisions, but at smaller viewing angles (to-
wards the observer) it becomes slightly higher owing to mag-
netic mirroring. At larger viewing angles, the emission parame-
ters are fully defined by the electric field and collisions, so the
directivity is very diﬀerent from that caused by magnetic con-
vergence. This diﬀerence can be used to diagnose these eﬀects
in the observations.
The total (spatially integrated) HXR emission spectra and di-
rectivity also show a dependence on both the beam parameters
and the energy losses. For softer beams, there is a noticeable flat-
tening of the photon spectra at lower energies caused by the self-
induced electric field, which increases for larger viewing angles
approaching a maximum at the angle of 180◦. There is also some
dependence on magnetic field convergence for harder beams that
makes the corresponding photon spectra softer at smaller view-
ing angles, while at larger angles they show no significant depen-
dence on the convergence factor. These dependencies are clearly
controlled by the dynamics of energy losses for harder and softer
beams, the former being more sensitive to magnetic mirroring
and the latter to Ohmic losses.
The proposed precipitation model with collisional and
Ohmic losses for an electron beam with wider pitch angle disper-
sion of 0.2 allowed us to fit the double power law HXR photon
spectra with a spectrum flattening at lower energies observed in
the flares of 20 and 23 July 2002. The observed spectral flatten-
ing at lower energies and the soft-hard-soft pattern in the lower
energy spectral indices of photon spectra can be naturally ex-
plained by the low-high-low variations in the initial energy flux
of injected beam electrons. The observed directivity of HXR
photons of 20 keV derived for a large number of flares located
between the disk center and limb is also reproduced well by
the theoretical directivity calculated for an electron beam with
a very narrow pitch angle dispersion of 0.02. The simulated po-
larization of this narrow-directed electron beam fits up to 90% of
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all the available polarimetric and directivity observations carried
out at various locations on the solar disk.
Thus, the current study allows us to establish that polar-
ization measurements combined with the observations of HXR
photon flux can help researchers to extract the electron beam
parameters far more precisely and to obtain a much deeper in-
sight into the mechanisms of particle transport into deeper at-
mospheric levels than attainable from only measurements of
HXR bremsstrahlung emission (such as light curves and energy
spectra).
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Appendix A: Hard X-ray bremsstrahlung
cross-section
The parametersσI andσQ in Eqs. (6), (7) can be expressed using
the bremsstrahlung cross-sections (Bai & Ramaty 1978; Leach
& Petrosian 1983)
σI (hν, θ, E, μ, ϕ) = d
2σ⊥
d(hν)dΩ +
d2σ‖
d(hν)dΩ , (A.1)
σQ(hν, θ, E, μ, ϕ) =
[
d2σ⊥
d(hν)dΩ −
d2σ‖
d(hν)dΩ
]
cos 2χ, (A.2)
where d2σ‖/[d(hν)dΩ] and d2σ⊥/[d(hν)dΩ] are, respectively,
the bremsstrahlung cross-sections for the photons with polariza-
tion parallel and perpendicular to the emission plane, that is, with
respect to the plane given by the vector of electron impulse and
the wave vector of X-rays. The Stokes parameter Q is usually
calculated with respect to the normal plane, that is, to the plane
given by the magnetic field and the wave vector of X-rays. The
parameter χ is the angle between the normal and the emission
planes
cos 2χ = 1 − 2 sin
2 α sin2 ϕ
sin2 ψ
,
where ψ is the angle between the vector of electron impulse and
the wave vector of X-rays, this angle being determined by the
equation
cosψ = cosα cos θ + sinα cosϕ sin θ. (A.3)
The expressions for the bremsstrahlung cross-sections in the
relativistic case are given in the articles of Gluckstern & Hull
(1953) and Bai & Ramaty (1978) by
d2σ‖
d(hν)dΩ =
Z2
8π
r20
137
p1
p0
QE
hν
⎧⎪⎪⎨⎪⎪⎩
8 sin2 ψ(2Γ20 + 1)
p20Δ4
− (5Γ
2
0 + 2Γ0Γ1 + 5)
p20Δ2
− (p
2
0 − k2)
T 2Δ2
+
2(Γ0 + Γ1)
p20Δ
+
L
p0 p1
⎡⎢⎢⎢⎢⎢⎣4Γ0 sin
2 ψ(3k − p20Γ1)
p20Δ4
+
2Γ20(Γ20 + Γ21) − (9Γ20 − 4Γ0Γ1 + Γ21) + 2
p20Δ2
+
k(Γ20 + Γ0Γ1)
p20Δ
⎤⎥⎥⎥⎥⎦
+
εT
p1T
⎡⎢⎢⎢⎢⎣ 4
Δ2
− 7k
Δ
− k(p
2
0 − k2)
T 2Δ
− 4
⎤⎥⎥⎥⎥⎦ − 4εp1Δ
+
1
p20 sin
2 ψ
[
2L
p0 p1
(
2Γ20 − Γ0Γ1 − 1 −
k
Δ
)
− 4ε
T (Δ − Γ1)2
p1T
− 2ε(Δ − Γ1)
p1
]}
, (A.4)
d2σ⊥
d(hν)dΩ =
Z2
8π
r20
137
p1
p0
QE
hν
⎧⎪⎪⎨⎪⎪⎩
−(5Γ20 + 2Γ0Γ1 + 1)
p20Δ2
− (p
2
0 − k2)
T 2Δ2
− 2k
p20Δ
+
L
p0 p1
⎡⎢⎢⎢⎢⎣2Γ
2
0(Γ20 + Γ21) − (5Γ20 − 2Γ0Γ1 + Γ21)
p20Δ2
+
k(Γ20 + Γ0Γ1 − 2)
p20Δ
⎤⎥⎥⎥⎥⎦ + εTp1T
⎡⎢⎢⎢⎢⎣ k
Δ
− k(p
2
0 − k2)
T 2Δ
+ 4
⎤⎥⎥⎥⎥⎦
− 1
p20 sin
2 ψ
[
2L
p0 p1
(
2Γ20 − Γ0Γ1 − 1 −
k
Δ
)
− 4ε
T (Δ − Γ1)2
p1T
− 2ε(Δ − Γ1)
p1
]}
· (A.5)
In the above formulae, Z is the ion charge, r0 is the classical
electron radius, k is the normalized photon impulse
k = hν
mec2
,
Γ0 and Γ1 are the normalized electron energies before and after
scattering, respectively
Γ0 =
E
mec2
+ 1, Γ1 = Γ0 − k,
p0 and p1 are the normalized electron impulses before and after
scattering, respectively
p0 =
√
Γ20 − 1, p1 =
√
Γ21 − 1,
and the angle ψ is determined by Eq. (A.3). Other parameters in
Eqs. (A.4), (A.5) are defined as
T = |p0 − k| =
√
p20 + k2 − 2p0k cosψ,
L = ln Γ0Γ1 − 1 + p0 p1
Γ0Γ1 − 1 − p0 p1 ,
ε = ln Γ1 + p1
Γ1 − p1 , εT = ln
T + p1
T − p1 ,
Δ = Γ0 − p0 cosψ.
The factor QE is the Coulomb correction (Koch & Motz 1959):
QE = β0
β1
1 − e−(2πZ/137)/β0
1 − e−(2πZ/137)/β1 ,
where
β0 =
p0
Γ0
, β1 =
p1
Γ1
·
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